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Abstract: The comparison between fuzzy and not fuzzy is in the second step by using the selected portofolio to get the suitable 

ordering relations. First we must present two fuzzy portfolio selection models where the objective is to minimize the downside risk 
constrained so that a given expected return should be achieved. We assume that the rates of returns on securities are approximated as 

LR-fuzzy numbers of the same shape, and that the expected return and risk are evaluated by interval-valued means. We establish the 

relationship between those mean-interval definitions for a given fuzzy portfolio by using suitable ordering relations. And then we 
compare those with a given not fuzzy portfolio one. Finally, we can get the effect of not fuzzy portofolio under downside risk 

measures.  
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1. Introduction 
 

The portfolio selection problem deals with how to form a satisfying portfolio. It is difficult to decide which securities 

should be selected because of the existence of uncertainty on their returns. Our main objective is to obtain the optimal 

proportions for creating a portfolio which respects the investor’s declared preferences. It is assumed that the investors 

wish to strike a balance between maximizing the return and minimizing the risk of their investment.  

The first mathematical formulation of the problem of selecting a portfolio in the framework of risk-return 

trade-off was provided by Markowitz [4]. That author’s theory of portfolio management combines probability theory 

and optimization theory to model the behavior of the economic agents. In the classical portfolio selection, a probability 

distribution of the return on the assets is assumed to be known, the return is quantified by means of its expected value 

and the variance of the portfolio return is regarded as the risk of the investment. This classical Mean-Variance (MV) 

model is valid if the expected return is multivariate-normally distributed and the investor is averse to risk and always 

prefers lower risk.  

Fuzzy Set Theory has been widely used to solve many practical problems, including financial risk 

management, since it allows us to describe and treat imprecise and uncertain elements present in a decision problem. 

Then the imperfect knowledge of the returns on the assets and the uncertainty involved in the behavior of financial 

markets may also be introduced by means of fuzzy quantities and/or fuzzy constraints. Different elements can be 

fuzzified in the portfolio selection problem. In our approach, the uncertainty of the returns on the assets is modeled by 

means of fuzzy quantities, hence different definitions of the average of a fuzzy number can be used to evaluate both the 

expected return and the risk of a given portfolio. 

Our goal is to present a fuzzy downside risk approach for managing portfolio selection problems in the framework of 

risk-return trade-off using interval-valued expectations. 

Section 2 is devoted to describing the relationship between those two interval-value means for portfolios built 

using fuzzy returns which have been modelled with LR-fuzzy numbers of the same shape. The development of its 

corresponding fuzzy downside risk functions is given in Section 3. Then, in Section 3.1 and 3.2 we present the 

formulation of the fuzzy portfolio model and illustrate our approach to selecting the optimal portfolio using an example. 

 

 

2  Fuzzy Expected Return 
 

In a standard formulation of the portfolio selection, an investor chooses xj, the proportion of a total investment fund 

devoted to asset j
th

 for n risky assets, so the portfolio may be denoted by P(x)={x1,...,xn}.  Let us assume that uj 

(respectively lj) represents the maximum (respectively minimum) amount of total fund which can be invested in asset 

j
th

, then the following budget equation holds: ∑      
   , being                 . The constraint imply that 

short selling of the securities is not allowed. Let us denote by  the fuzzy return on the asset j
th

 in the portfolio P(x), then 

its interval-valued mean [3] is defined: 
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Where  

 
Denote respectively the left and right extreme points of the α-level cut of for α є (0,1]. By using the definition of the 

interval-valued possibilitic mean in [2] for  , we will have: 

 

 
And for LR-fuzzy numbers with strictly decresing references functions, the following inclusion holds: 

 
With respect to the relationship between the above mean-interval definitions, we will establish that for a given portfolio 

P(x) these expectations may be considered more or less optimistic measures of the expected return, depending on the 

magnitude of the right and left spreads of the LR-fuzzy number which represents the fuzzy portfolio. 

Let us denote the return on the j
th

  asset by   ̃                    assuming that the left and right reference functions 

are all of the same shape for j=1,...,n the following linear combination expresses the total fuzzy return on a portfolio 

P(x) ={x1,…,xn}: 

 
where xj∈ℜ+ represents the proportion of the jth asset in the composition of the portfolio. It is widely acknowledged 

that the interval-valued expectations and  remain additive in the sense of the addition of fuzzy numbers [2, 3]. Let us 

consider a fuzzy portfolio whose L and R reference functions belong to the power family with the same parameter p, 

that is L(x)=R(x)=max{0,1-  |x|
p
}, p>0. Since the power reference functions are continuous and strictly decreasing, it 

follows that the interval-valued possibilistic mean is a subset of the interval-valued probabilistic mean [2]. We can 

verify that the α-level sets of  ̃ have the following form: 

 
 

On the other hand, we can evaluate 

 
Since we are interested in comparing the profit of a fuzzy portfolio and some ordering relations cannot explain the 

ranking between two partially or fully overlapping intervals, we will then study the relationship between these interval-

valued expectations by using properly ordered relations. 

Bermudez et. al [1] said two cases about midpoints: 

a. If C(x)>D(x), it holds that  ( ̃)     ̃  . When the fuzzy portfolio is a symmetric fuzzy number, C(x)=D(x),the 

midpoints coincide and the above ordering relation trivially holds. 

b. If the right spread is the largest, C(x)<D(x), we calculate the grade of acceptability of the premise  ( ̃)     ̃  
according to Definition 3: 
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3. Fuzzy optimization models 
 

The portfolio selection problem deals with finding an optimal investment strategy to form a satisfying portfolio, taking 

into account the balance between maximizing the return and minimizing the risk of the investment. We then need to 

specify the expected mean and risk of the portfolio. The basic model determines the portfolio which minimizes risk 

while a predetermined level of expected return is guaranteed, so the problem can be formulated as follows: 

 
Different models coexist to select the best portfolio according to their respective objective functions in this fuzzy 

framework of risk-return trade-off. Let us note that fuzzy downside risk can be represented as follows: 

 
so we see that the above problem can be considered as a linear programming problem with interval coefficients, where 

the desired return is expressed as following: 

 
and ρ~ is an interval. For the possibilistic mean-interval values, a similar linear programming interval program appears.  

 

3. 1 Defuzzification process 

An essential question connected with solving the problem of fuzzy portfolio selection is related to the defuzzification 

process. It consists of finding a scalar representative value of a fuzzy number and it can be done in many different ways. 

In order to obtain a crisp solution of the above fuzzy model, we need to choose a crisp objective function and a value 

for the left-hand side of the total return constraint. In this paper we have decided to minimize the fuzzy downside risk 

considered as a crisp objective and we have chosen to reflect the maximization of the expected return on the portfolio 

by means of a suitable crisp constraint. First we minimize the upper limit of the mean interval evaluated in Proposition 

3 [1], which corresponds to the fuzzy downside risk, in order to ensure that the non-desired deviations to the fuzzy 

expected return are minimal. The objective function of the crisp model is then: 

 
Concerning the crisp modelling of the fuzzy quantity which represents the expected return, it seems reasonable to 

choose the middle point of the corresponding intervalvalued mean, in such a way that if the left-width of the fuzzy 

number is greater than the right-width, the mean of the core is displaced to the left to reflect that larger dispersion, 

otherwise the displacement is to the right. Therefore, one crisp model associated with this defuzzification proposal of 

the expected fuzzy risk and return can be stated as: 

 
where ρ is the minimum expected return required by an investor. On the other hand, when the interval-valued 

possibilistic mean is used, the statement is the following: 
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Clearly, a direct comparison between the performance of the linear programs (P1) and (P2), provided by the 

approximation of the return and risk expectations by using E(P~) and M(P~) , respectively, can be easily made. 

 

3. 2 Numerical Example 

3.2.1 Full description of the fuzzy portfolios 

We shall illustrate the above results by a simple example with three assets whose returns are the following trapezoidal 

fuzzy numbers: 

 
Applying an algorithm for finding the exact optimal solution in the sense of maximizing a given utility score, the 

authors find the following portfolios: 

 
So, we get: 

 

 
If we give parameter p=1 for L(x) and R(x), so for P1(x), we get: 
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Tabel 1 

Full description of the fuzzy portfolios provided by Example 

 
But the acceptability index allows us to generate the following ordering: 

 
And suggests the selection of the maximizing alternative P3(x), which is preferred to the other three intervals. In fact, 

we may say that thedecision maker is satisfied that E(P1) is inferior to E(P3) and his grade of satisfaction is 

 
If C(x) < D(x) and M(P) < E(P) so acceptability grade interval (0, 1) proofed. And if p > 0 (we use p = 1) so the upper 

bound is A =0,2. Then, if the interval-valued possibilistic mean is used, it should be more frequent to find infeasible 

instances of the optimization problem for a given ρ. This is the fact if we suppose that an investor wants to allocate one 

unit of wealth among the three assets with an expected return greater than or equal to ρ=35. For the upper bound=0.4: 

 
Tabel 2 

Optimal portfolio selection obtained by solving (P1) with different upper bounds for the assets and ρ=35 

 
Table 2 shows the portfolios provided by solving the linear program (P1) under the same diversification conditions. The 

associated crisp values of the return and risk appear in the last rows. Since all the obtained interval-valued expectations 

are centred in the same value ρ, the main differences between the proposals are in the values of the risk provoked by the 

diversification conditions. 
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3.2.2  The comparison of the fuzzy and  not fuzzy portfolios 

 

If we use not fuzzy optimization, x1,x2,x3 is gotten from selected asset, P3(x). So we get F1(x) and F2(x): 

 
So if we take not fuzzy optimization, we get only one portfolio selection for each F1(x) and F2(x) because of using 

single upper bound for all F1(x) and F2(x). 

 

 

4  Conclusion 
 

A number of portfolio selection models use the sample average to estimate the expected return on a given asset. In 

particular, the classical mean-variance model is a well-established method which provides good results. However, it is 

also well-known that the sample average is not always the best option for describing a data set and we believe that our 

fuzzy approach could be a good alternative in some of these situations. 

 

Fuzzy methodology allows us to incorporate uncertainty into data bases and also to incorporate subjective 

characteristics into the models, which are basic aspects for establishing different estimations of risk and expected return.  

 

Taking the uncertainty of returns on assets in a financial market as trapezoidal LR-fuzzy numbers, we generalize the 

mean semi-absolute deviation using both interval-valued probabilistic and possibilistic means. Then, based on this risk 

measure, we formulate two portfolio selection problems which can be solved using linear programming problems. 

 

Clearly, a direct comparison between the performance of the linear programs (P1) and (P2) in fuzzy optimization model 

and in not fuzzy optimization is sum of portfolio selection. Not fuzzy optimization cause we get only one portfolio 

selection for each F1(x) and F2(x) because of using single upper bound and x1,x2,x3 from first selected asset, P3(x) for all 

F1(x) and F2(x). 

 

 

References 
 
 [1] Bermudez J. D., Segura J.V. and Vercher E., (2005), Fuzzy portofolio optimization under downside risk measures, Centro de Investigacion 
Operativa, Universidad Miguel Hernandez de Elche. 

[2] C. Carlsson, R. Fullér, On possibilistic mean value and variance of fuzzy 

numbers, Fuzzy Sets and Systems 122 (2001) 315-326. 
[3] D. Dubois, H. Prade, The mean value of a fuzzy number, Fuzzy Sets and 

Systems 24 (1987) 279-300. 

[4] H. M. Markowitz, Portfolio selection: Efficient Diversification of Investments, John Wiley, New York, 1959. 


